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CONCENTRATION OF MAPS AND GROUP ACTION
KEI FUNANO
Abstract. In this paper, from the viewpoint of the concentration theory of maps, we
study a compact group and a Le´vy group action to a large class of metric spaces, such
as R-trees, doubling spaces, metric graphs, and Hadamard manifolds.
1. Introduction
Let a compact metric group G acts on a compact metric space X . In [16, Theorem
5.1], V. Milman considered a Ho¨lder action (see Section 3.6.2 for the definition) and
estimated the diameters of orbits from above by words of an isoperimetric property of
the group G and a covering property of X . As he refered in the introduction, his idea
came from the fixed point theory of a Le´vy group action by M. Gromov and Milman in
[7, Theorem 7.1] (see Section 4 for the definition of a Le´vy group). In this paper, we
consider general continuous actions of a compact metric group and a Le´vy group to some
concrete noncompact metric spaces, such as R-trees, doubling spaces, metric graphs, and
Hadamard manifolds.
Of isoperimetric inspiring, the Le´vy-Milman concentration theory of maps played an
important role in Milman’s estimation (and also Gromov and Milman’s theorem of a
Le´vy group action). Taking a point x ∈ X , he considered how concentrates the orbit map
G ∋ g → gx ∈ X to a constant map. Recent developments of the concentration theory
of maps by the author ([1], [2], [3]), by Gromov ([8], [10]), and by M. Ledoux and K.
Oleszkiewvicz ([12]) enable us to estimate how the orbit map concentrate to a constant
map in the case where X is an R-tree, a doubling space, a metric graph, and a Hadamard
manifold. In stead of considering a Ho¨lder action and a covering property, we provide an
estimate of the diameters of orbits of a continuous action of a compact metric group to
those metric spaces by words of the continuity of the action, an isoperimetric property of
G, and a metric space property of X . Our results assert that we can measure how the
action to those metric spaces is closed to the trivial action by the above words.
In the same point of view, we obtain two results of a Le´vy group action to the above
spaces. A Le´vy group was first introduced and analyzed by Gromov and Milman in
[7]. Gromov and Milman proved that every continuous action of a Le´vy group to a
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compact metric space has a fixed point. They also pointed out that the unitary group
U(ℓ2) of the separable Hilbert space ℓ2 with the strong topology is a Le´vy group. Many
concrete examples of Le´vy groups are known by the works of S. Glasner [6], H. Furstenberg
and B. Weiss (unpublished), T. Giordano and V. Pestov [4], [5], and Pestov [20], [21].
For examples, groups of measurable maps from the standard Lebesgue measure space
to compact groups, unitary groups of some von Neumann algebras, groups of measure
and measure-class preserving automorphisms of the standard Lebesgue measure space,
full groups of amenable equivalence relations, and the isometry groups of the universal
Urysohn metric spaces are Le´vy groups (see the recent monograph [18] for precise). One
of our results states that there is no non-trivial uniformly continuous action of a Le´vy
group to the above spaces (Proposition 4.4). We also obtain a generalization of Gromov
and Milman’s fixed point theorem (Proposition 4.3). Both two results are obtained by
making Gromov and Milman’s argument precise.
The article is organized as follows. In Section 2, we recall basic facts about the concen-
tration theory of maps and prepare for the Sections 3 and 4. In Section 3, we estimates the
diameter of orbits of a compact group action to R-trees, doubling spaces, meric graphs,
and Hadamard manifolds. Section 4 is devoted to a Le´vy group action to those spaces.
2. Preliminaries
2.1. Concentration function and observable diameter. In this subsection, we recall
some basic facts in the concentration theory of 1-Lipschitz maps. We recall relationships
between an isoperimetric property of an mm-space (metric measure space) and the concen-
tration theory of 1-Lipschitz functions. The concentration theory of 1-Lipschitz functions
was introduced by Milman in his investigations of asymptotic geometric analysis ([13],
[14], [15]). While the concentration theory of functions developed, the concentration the-
ory of maps into general metric spaces was first studied by Gromov ([8], [9], [10]). He
established the theory by introducing the observable diameter in [10]. We first recall its
definition.
Let Y be a metric space and ν a Borel measure on Y such that m := ν(Y ) < +∞. We
define for any κ > 0
diam(ν,m− κ) := inf{diamY0 | Y0 ⊆ Y is a Borel subset such that ν(Y0) ≥ m− κ}
and call it the partial diameter of ν.
Let (X, dX) be a complete sparable metric space equipped with a finite Borel measure
µX on X . Henceforth, we call such a triple an mm-space.
Definition 2.1 (Observable diameter). Let (X, dX , µX) be an mm-space with mX :=
µX(X) and Y a metric space. For any κ > 0 we define the observable diameter of X by
ObsDiamY (X ;−κ) := sup{diam(f∗(µX), mX − κ) | f : X → Y is a 1-Lipschitz map},
where f∗(µX) stands for the push-forward measure of µX by f .
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The idea of the observable diameter comes from the quantum and statistical mechanics,
that is, we think of µX as a state on a configuration space X and f is interpreted as an
observable.
Given sequences {Xn}∞n=1 of mm-spaces and {Yn}∞n=1 of metric spaces, observe that
limn→∞ObsDiamYn(Xn;−κ) = 0 for any κ > 0 if and only if for any sequence {fn : Xn →
Yn}∞n=1 of 1-Lipschitz maps there exists a sequence {mfn}∞n=1 of points such that mfn ∈ Yn
and
lim
n→∞
µXn({xn ∈ Xn | dYn(fn(xn), mfn) ≥ ε}) = 0
for any ε > 0. A sequence {Xn}∞n=1 of mm-spaces is said to be a Le´vy family if
limn→∞ObsDiamR(Xn;−κ) = 0 for any κ > 0. The concept of Le´vy families was first
introduced in [7].
For an mm-space X with µX(X) = 1, we define the concentration function αX :
(0,+∞) → R as the supremum of µX(X \ A+r), where A runs over all Borel subsets
of X with µX(A) ≥ 1/2 and A+r is an open r-neighbourhood of A. This function de-
scribes an isoperimetric feature of the space X .
We shall consider each closed Riemannian manifold as an mm-space equipped with the
volume measure normalized to have the total volume 1.
Example 2.2. Let M be a closed Riemannian manifold such that RicM ≥ κ˜1 > 0.
By virtue of the Le´vy-Gromov isoperimetric inequality, we obtain αM(r) ≤ e−eκ1r2/2 (see
[7, Section 1.2, Remark 2] or [11, Theorem 2.4]). Since RicSO(n) ≥ (n − 1)/4, we have
αSO(n)(r) ≤ e−(n−1)r2/8 for example.
Example 2.3. Let M be a closed Riemannian manifold. We denote by λ1(M) the non-
zero first eigenvalue of the Laplacian on M . Then, for any r > 0, we have αM (r) ≤
e−
√
λ1(M)r/3 (see [7, Theorem 4.1] or [11, Theorem 3.1]). Since the n-dimensional torus
Tn := S1 × S1 × · · · × S1 satisfies λ1(Tn) = λ1(S1) = 1, we obtain αTn(r) ≤ e−r/3 for
example.
Let X be an mm-space and f : X → R a Borel measurable function. A number
mf ∈ R is called a median of f if it satisfies that f∗(µX)((−∞, mf ]) ≥ mX/2 and
f∗(µX)([mf ,+∞)) ≥ mX/2. We remark that mf does exist, but it is not unique in
general.
Relationships between the concentration function and the observable diameter are the
following:
Lemma 2.4 (cf. [11, Section 1.3]). Let X be an mm-space with µX(X) = 1. Then, for
any 1-Lipschitz function f : X → R and ε > 0, we have
µX({x ∈ X | |f(x)−mf | ≥ ε}) ≤ 2αX(ε).
Lemma 2.5 (cf. [11, Section 1.3]). Let X be an mm-space with µX(X) = 1. Assume that
a function α : (0,+∞)→ R satisfies that
µX({x ∈ X | |f(x)−mf | ≥ ε}) ≤ α(ε)
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for any 1-Lipschitz function f : X → R. Then, we have αX(ε) ≤ α(ε).
By Lemmas 2.4 and 2.5, we obtain the following corollary:
Corollary 2.6 ([11, Section 1.3]). A sequence {Xn}∞n=1 of mm-spaces is a Le´vy family if
and only if limn→∞ αXn(r) = 0 for any r > 0.
Combining Lemma 2.4 with Examples 2.2 and 2.3, we obtain the following corollaries:
Corollary 2.7. Let M be a closed Riemannian manifold such that RicM ≥ κ˜1 > 0. Then,
for any κ > 0, we have
ObsDiamR(M ;−κ) ≤ 2
√
2 log
(
2
κ
)
κ˜1
.
In particular, we have
ObsDiamR(SO(n);−κ) ≤ 4
√
2 log
(
2
κ
)
n− 1 .
Corollary 2.8. Let M be a closed Riemannian manifold. Then, for any κ > 0, we have
ObsDiamR(M ;−κ) ≤
6 log
(
2
κ
)√
λ1(M)
.
In particular, we have
ObsDiamR(T
n;−κ) ≤ 6 log
(2
κ
)
.
2.2. Concentration and separation. In this section, we recall the notion of the sepa-
ration distance for an mm-space which was introduced in [10]. We review relationships
between the observable diameter and the separation distance. The separation distance
plays an important role throughout this paper.
LetX be an mm-space. For κ1, κ2 ≥ 0, we define the separation distance Sep(X ; κ1, κ2) =
Sep(µX ; κ1, κ2) of X as the supremum of the distance dX(A,B), where A and B are Borel
subsets of X satisfying that µX(A) ≥ κ1 and µX(B) ≥ κ2.
Relationships between the observable diameter and the separation distance are follow-
ings. We refer to [2, Subsection 2.2] for precise proofs.
Lemma 2.9 (cf. [10, Section 31
2
.33]). Let X be an mm-space and κ, κ′ > 0 with κ > κ′.
Then we have
ObsDiamR(X ;−κ′) ≥ Sep(X ; κ, κ).
Remark 2.10. In [10, Section 31
2
.33], Lemma 2.9 is stated as κ = κ′, but that is not true
in general. For example, let X := {x1, x2}, dX(x1, x2) := 1, and µX({x1}) = µX({x2}) :=
1/2. Putting κ = κ′ = 1/2, we have ObsDiamR(X ;−1/2) = 0 and Sep(X ; 1/2, 1/2) = 1.
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Lemma 2.11 (cf. [10, Section 31
2
.33]). Let ν be a Borel measure on R with m := ν(R) <
+∞. Then, for any κ > 0 we have
diam(ν,m− 2κ) ≤ Sep(ν; κ, κ).
In particular, for any κ > 0 we have
ObsDiamR(X ;−2κ) ≤ Sep(X ; κ, κ).
Corollary 2.12 (cf. [10, Section 31
2
.33]). A sequence {Xn}∞n=1 of mm-spaces is a Le´vy
family if and only if limn→∞ Sep(Xn; κ, κ) = 0 for any κ > 0.
2.3. Compact metric group action and diameter of a measure. Let a compact
metric group G continuously acts on a metric space X . For each η > 0, we define a
(possibly infinite) number ρ(η) = ρ(G,X)(η) as the supremum of dX(gx, gy) for all g ∈ G
and x, y ∈ X with dX(x, y) ≤ η. Given a point x ∈ X , we indicate by fx : G → X
the orbit map of x, that is, fx(g) := gx for any g ∈ G. For the Haar measure µG on G
normalized as µG(G) = 1, we put νG,x := (fx)∗(µG).
Proposition 2.13. Assume that νG,x(BX(y, δ)) > 1/2 for some y ∈ X and δ > 0. Then,
we have
dX(y, gy) ≤ δ + ρ(δ)(2.1)
for any g ∈ G. Moreover, there exists a point x0 ∈ Gx such that
dX(x0, gx0) ≤ min{2δ + ρ(2δ), 2δ + 2ρ(δ)}(2.2)
for any g ∈ G.
Proof. Taking any g ∈ G, we first prove (2.1). Since gBX(y, δ) ⊆ BX(gy, ρ(δ)) and the
measure νG,x is G-invariant, from the assumption, we have
νG,x(BX(gy, ρ(δ))) ≥ νG,x(gBX(y, δ)) = νG,x(BX(y, δ)) > 1/2.
Combining this with νG,x(BX(y, η)) > 1/2, we get νG,x(BX(y, δ) ∩ BX(gy, ρ(δ))) > 0,
which implies (2.1).
We next prove (2.2). Since the orbit Gx is compact, the support of the measure
νG,x is included in Gx. Hence, there exists a point x0 ∈ BX(y, δ) ∩ Gx. Let g ∈ G.
Since νG,x(BX(x0, 2δ)) ≥ νG,x(BX(x0, 2δ)) > 0, by using (2.1), we obtain dX(x0, gx0) ≤
2δ + ρ(2δ). We also have
dX(x0, gx0) ≤ dX(x0, y) + dX(y, gy) + dX(gy, gx0)
≤ δ + (δ + ρ(δ)) + ρ(δ)
= 2δ + 2ρ(δ),
which implies (2.2). This completes the proof. 
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Proposition 2.14. Assume that νG,x(A) > 1/2 for some Borel subset A ⊆ X. Then,
there exists a point x0 ∈ Gx such that
dX(x0, gx0) ≤ diamA + ρ(diamA)
for any g ∈ G.
Proof. Since A ∩ Gx 6= ∅, the claim follows from the same argument in the proof of
Proposition 2.13. 
For any η > 0, we put ρ(+η) := limη′↓η ωx(η
′).
Corollary 2.15. There exists a point zx ∈ Gx such that
dX(zx, gzx) ≤ lim
κ↑1/2
diam(νG,x, 1− κ) + ρ
(
+ lim
κ↑1/2
diam(νG,x, 1− κ)
)
for any g ∈ G.
For any η > 0, we define a (possibly infinite) number ωx(η) = ω
(G,X)
x (η) as the supre-
mum of dX(gx, g
′x) for all g, g′ ∈ G with dG(g, g′) ≤ η.
Lemma 2.16. For any κ1, κ2 > 0, we have
Sep(νG,x; κ1, κ2) ≤ ωx(+ Sep(G; κ1, κ2)).
Proof. Let A and B be two Borel subsets such that νG,x(A) ≥ κ1 and νG,x(B) ≥ κ2.
Since µG((fx)
−1(A)) ≥ κ1 and µG((fx)−1(B)) ≥ κ2, we have dG((fx)−1(A), (fx)−1(B)) ≤
Sep(G; κ1, κ2). Thus, from the definition of ωx, we obtain dX(A,B) ≤ ωx(+ Sep(G; κ1, κ2)).
This completes the proof. 
Corollary 2.17 (cf. [7, Section 5.2]). Assume that a sequence {Gn}∞n=1 of compact metric
groups is a Le´vy family and each Gn acts on a metric space X. Assume also that there
exist a sequence {xn}∞n=1 of points in X and a function ω : (0,+∞)→ [0,+∞] such that
limη→0 ω(η) = 0 and ω
(Gn,X)
xn (η) ≤ ω(η) for any n ∈ N and η > 0. Then, the sequence
{(X, dX , νGn,xn)}∞n=1 of mm-spaces is a Le´vy family.
3. Estimates of the diameters of orbits
Throughout this section, we always assume that a compact metric group G continuously
acts on a metric space X . We shall consider the group G as an mm-space (G, dG, µG),
where µG is the Haar measure on G normalized as µG(G) = 1. In this section, motivated
by the work of Milman [16], we shall estimate the diameters of orbits Gx from above
for concrete metric spaces X by words of the continuity of the action, an isoperimetric
property of G, and a metric space property of X . For this purpose, we use the notation
ρ = ρ(G,X) and ωx = ω
(G,X)
x defined in Subsection 2.3. We first consider the case where
the orbit map fx : G ∋ g 7→ gx ∈ X for some x ∈ X is a 1-Lipschitz map. In this case,
applying Corollary 2.15, we obtain the following:
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Proposition 3.1. For any κ ∈ (0, 1/2), there exists a point zκ ∈ X such that
dX(zκ, gzκ) ≤ ObsDiamX(G;−κ) + ρ(ObsDiamX(G;−κ))
for any g ∈ G.
3.1. Case of Euclidean spaces. In this subsection, we consider the case where the
metric space X is the Euclidean space Rk. Let pri : R
k ∋ x = (xi)ki=1 7→ xi ∈ R be the
projection.
Proposition 3.2 (cf. [10, Section 31
2
.32]). For any finite Borel measure ν on Rk with
m := ν(Rk), we have
diam(ν,m− κ) ≤
√
k max
1≤i≤k
diam
(
(pri)∗(ν), m−
κ
k
)
.
Applying Corollary 2.12 to Proposition 3.2, we obtain the following corollary:
Corollary 3.3 (cf. [10, Section 31
2
.32]). For any Le´vy family {Xn}∞n=1 and any κ > 0, we
have
lim
n→∞
ObsDiamRk(Xn;−κ) = 0.
Proposition 3.4. Assume that a compact metric group G continuously acts on the Eu-
clidean space Rk and put r := limκ↑1/(4k) Sep(G; κ, κ). Then, for any x ∈ Rk, there exists
a point zx ∈ Gx such that
dRk(zx, gzx) ≤
√
kωx(+r) + ρ(+
√
kωx(+r))(3.1)
for any g ∈ G.
Proof. Combining Lemma 2.16 with Proposition 3.2, we get
diam(νG,x, 1− κ) ≤
√
k max
1≤i≤k
diam
(
(pri)∗(νG,x), 1−
κ
k
)
≤
√
k max
1≤i≤k
Sep
(
(pri)∗(νG,x);
κ
2k
,
κ
2k
)
≤
√
k Sep
(
νG,x;
κ
2k
,
κ
2k
)
≤
√
kωx
(
+ Sep
(
G;
κ
2k
,
κ
2k
))
.
Applying this to Corollary 2.15, we obtain (3.1). This completes the proof. 
3.2. Case of compact metric spaces. In this subsection, we treat the case where the
metric space X is a compact metric space K. For any δ > 0, we denote by NK(δ) the
minimum number of Borel subsets of diameter at most δ which cover K.
Proposition 3.5 (cf. [10, Section 31
2
.34]). For any δ, κ > 0 and any finite Borel measure
ν on K with m := ν(K), we have
diam(ν,m− κ) ≤ Sep
(
ν;
κ
NK(δ)
,
κ
NK(δ)
)
+ 2δ.
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Corollary 3.6 (cf. [10, Section 31
2
.34]). Let {Xn}∞n=1 be a Le´vy family and K a compact
metric space. Then, for any κ > 0, we have
lim
n→∞
ObsDiamK(Xn;−κ) = 0.
By virtue of Proposotion 3.5, the same proof of Proposition 3.4 yields the following
proposition:
Proposition 3.7. Assume that a compact metric group G continuously acts on a compact
metric space K and put rx,δ := ωx(+ limκ↑1/(2NK(δ)) Sep(G; κ, κ))+2δ for x ∈ K and δ > 0.
Then, there exists a point zx,δ ∈ Gx such that
dK(zx,δ, gzx,δ) ≤ rx,δ + ρ(+rx,δ)
for any g ∈ G.
Proposition 3.7 generalizes Milman’s result [16, Theorem 5.1].
3.3. Case of R-trees. In this subsection, we consider the case where the metric space
X is an R-tree T . For this purpose, we first recall some standard terminologies in metric
geometry. Let (X, dX) be a metric space. A rectifiable curve γ : [0, 1] → X is called a
geodesic if its arclength coincides with the distance dX(γ(0), γ(1)) and it has a constant
speed, i.e., parameterized proportionally to the arc length. We say that (X, dX) is a
geodesic space if any two points in X are joined by a geodesic between them.
A complete metric space T is called an R-tree if it has the following properties:
(1) Any two points in T are connected by a unique unit speed geodesic.
(2) The image of every simple path in T is the image of a geodesic.
To answer Gromov’s exercise in [10, Section 31
2
.32], the author proved the following
theorem:
Theorem 3.8 (cf. [1, Proposition 5.1]). For any κ > 0 and finite Borel measure ν on T
with m := ν(T ), we have
ν
(
BT
(
xν , Sep
(
ν;
κ
2
,
m
3
)))
≥ 1− κ.
Corollary 3.9 (cf. [1, Theorem 1.1]). Let {Xn}∞n=1 be a Le´vy family and T an R-tree.
Then, for any κ > 0, we have
lim
n→∞
ObsDiamT (Xn;−κ) = 0.
By Proposition 2.13 and Theorem 3.8, the following proposition follows from the same
proof of Proposition 3.4.
Proposition 3.10. Assume that a compact metric group G continuously acts on an R-tree
T . Then, for any x ∈ T and κ ∈ (0, 1/4), there exists a point zx,κ ∈ T such that
dT (zx,κ, gzx,κ) ≤ ωx
(
+ Sep
(
G; κ,
1
3
))
+ ρ
(
ωx
(
+ Sep
(
G; κ,
1
3
)))
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for any g ∈ G. Put r := limκ↑1/4 Sep(G; κ, κ). Then, there also exists a point zx ∈ Gx
such that
dT (zx, gzx) ≤ min{2ωx(+r) + ρ(+2ωx(+r)), 2ωx(+r) + 2ρ(ωx(+r)}
for any g ∈ G.
3.4. Case of doubling spaces. Throughout this subsection, we consider the case where
the metric space X is a doubling space. A complete metric space X is called a doubling
space if there exist R1 > 0 and a function D = DX : (0, R1] → (0,+∞) satisfying the
following condition: Every closed ball with radius 2r1 ≤ 2R1 is covered by at most D(r1)
closed balls with radius r1. This condition is equivalent to the following condition: There
exists a function C = CX = C(r1, r2) : (0, 2R1]× (0, 2R1] → (0,+∞) such that for every
(r1, r2) ∈ (0, 2R1]× (0, 2R1], every r1-separated subset in any closed ball in X with radius
r2 contains at most C(r1, r2) elements. For example, a complete Riemannian manifold
with Ricci curvature bounded from below is a doubling space (see the proof of Corollary
3.20).
Although the proof of the following theorem is the same analogue to [2, Theorem 1.3],
we give it for completeness.
Theorem 3.11. Let X be a doubling space and ν a finite Borel measure on X with
m := ν(X). Assume that a positive number r0 satisfies
r0 > max
{
Sep
(
ν; κ,
m
C(r0, 5r0)
)
, Sep
(
ν;
m− κ
3
,
m− κ
3
)
, Sep
(
ν;
m− κ
3
, κ
)}
for some κ > 0. Then there exists a point x0 ∈ X such that ν(BX(x0, 3r0)) ≥ m− κ.
Proof. Take a maximal r0-separated set {ξα}α∈A of X . From the doubling property of X ,
there exists α0 ∈ A such that
k := #{β ∈ A | ξβ ∈ BX(ξα0 , 5r0)} = max
α∈A
#{β ∈ A | ξβ ∈ BX(ξα, 5r0)} ≤ C(r0, 5r0).
Putting {β1, β2, · · · , βk} := {β ∈ A | ξβ ∈ BX(ξα0, 5r0)}, we take a subset J1 ⊆ {ξα}α∈A
which is maximal with respect to the properties that J1 is 5r0-separated and ξβ1 ∈ J1,
ξβ2 6∈ J1, · · · , ξβk 6∈ J1. We then take J2 ⊆ {ξα}α∈A \ J1 which is maximal with respect to
the properties that J2 is 5r0-separated and ξβ2 ∈ J2, ξβ3 6∈ J2, · · · , ξβk 6∈ J2. In the same
way, we pick J3 ⊆ {ξα}α∈A \ (J1 ∪ J2), · · · , Jk ⊆ {ξα}α∈A \ (J1 ∪ J2 ∪ · · · ∪ Jk−1). We then
have
Claim 3.12. {ξα}α∈A = J1 ∪ J2 ∪ · · · ∪ Jk.
Proof. Suppose that ξα 6∈ J1 ∪ J2 ∪ · · · ∪ Jk for some α ∈ A. Since each Ji is maximal,
there exists ξαi ∈ Ji such that dX(ξα, ξαi) < 5r0 and ξα 6= ξαi. We therefore obtain
k + 1 ≤ #{ξα, ξα1, ξα2, · · · , ξαk} ≤ #{β ∈ A | ξβ ∈ BX(ξα, 5r0)} ≤ k,
which is a contradiction. This completes the proof of the claim. 
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By Claim 3.12, we have X =
⋃k
i=1
⋃
ξα∈Ji
BX(ξα, r0). Hence there exists i, 1 ≤ i ≤ k
such that
ν
( ⋃
ξα∈Ji
BX(ξα, r0)
)
≥ m
k
≥ m
C(r0, 5r0)
.
We then have
Claim 3.13.
ν
( ⋃
ξα∈Ji
BX(ξα, 2r0)
)
≥ m− κ.
Proof. Supposing that ν(
⋃
ξα∈Ji
BX(ξα, 2r0)) < m−κ, from the assumption of r0, we have
r0 ≤ dX
(
X \
⋃
ξα∈Ji
BX(ξα, 2r0),
⋃
ξα∈Ji
BX(ξα, r0)
)
≤ Sep
(
ν; κ,
m
C(r0, 5r0)
)
< r0.
This is a contradiction. This completes the proof of the claim. 
Claim 3.14. There exists ξγ ∈ Ji such that ν(BX(ξγ, 2r0)) ≥ (m− κ)/3.
Proof. Suppose that ν(BX(ξα, 2r0)) < (m − κ)/3 for any ξα ∈ Ji. Then, by Claim 3.13,
there exists J ′i ⊆ Ji such that
m− κ
3
≤ ν
( ⋃
ξα∈J ′i
BX(ξα, 2r0)
)
<
2(m− κ)
3
.
Thus, putting J ′′i := Ji \ J ′i , from the assumption of r0, we get
r0 ≤ dX
( ⋃
ξα∈J ′i
BX(ξα, 2r0),
⋃
ξα∈J ′′i
BX(ξα, 2r0)
)
≤ Sep
(
ν;
m− κ
3
,
m− κ
3
)
< r0.
This is a contradiction. This completes the proof of the claim. 
Combining Claim 3.14 with the same method of the proof of Claim 3.13, we finally
obtain ν(BX(ξγ, 3r0)) ≥ 1− κ. This completes the proof of the theorem. 
By Corollary 2.12 and Theorem 3.11, we get the following corollary:
Corollary 3.15 (cf. [2, Theorem 1.3]). Let {Xn}∞n=1 be a Le´vy family and X a doubling
space. Then, for any κ > 0, we have
lim
n→∞
ObsDiamX(Xn;−κ) = 0.
Applying Theorem 3.11 to Proposition 2.13, we obtain the following proposition:
Proposition 3.16. Let a compact metric group G continuously acts on a doubling space
X. Assume that a positive number r0 satisfies
r0 > max
{
ωx
(
+ Sep
(
ν; κ,
1
C(r0, 5r0)
))
, ωx
(
+ Sep
(
ν;
1− κ
3
,
1− κ
3
))
,
ωx
(
+ Sep
(
ν;
1− κ
3
, κ
))}
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for some κ ∈ (0, 1/2). Then there exists a point zx,κ ∈ X such that
dX(zx,κ, gzx,κ) ≤ 3r0 + ρ(3r0)
for any g ∈ G. Moreover, there exists a point z′x,κ ∈ Gx such that
dX(z
′
x,κ, gz
′
x,κ) ≤ min{6r0 + ρ(6r0), 6r0 + 2ρ(3r0)}
for any g ∈ G.
We next consider the case where the function D = DX : (0,+∞) → (0,+∞) is a
constant function. This is equivalent to the following condition: The function C = CX :
(0,+∞)× (0,+∞) → (0,+∞) satisfies that C(αr, αs) = C(r, s) for any r, s, α > 0. We
call such a metric space a large scale doubling space.
By Theorem 3.11, we obtain the following corollary:
Corollary 3.17. Let X be a large scale doubling space and ν be a finite Borel measure
on X with m := ν(X) and put
rκ := max
{
Sep
(
ν; κ,
m
C(1, 5)
)
, Sep
(
ν;
m− κ
3
,
m− κ
3
)
, Sep
(
ν;
m− κ
3
, κ
)}
for κ > 0. Then, there exists a point xκ ∈ X such that ν(BX(xκ, 3rκ)) ≥ m− κ.
Applying Corollary 3.17 to Proposition 2.13, we obtain the following proposition:
Proposition 3.18. Assume that a compact metric group G continuously acts on a large
scale doubling space X. Put
rx,κ := max
{
ωx
(
+ Sep
(
G; κ,
1
C(1, 5)
))
, ωx
(
+ Sep
(
G;
1− κ
3
,
1− κ
3
))
,
ωx
(
+ Sep
(
G;
1− κ
3
, κ
))}
for x ∈ X and κ > 0. Then, for any κ ∈ (0, 1/2), there exists a point zx,κ ∈ X such that
dX(zx,κ, gzx,κ) ≤ 3rx,κ + ρ(3rx,κ)
for any g ∈ G. There also exists a point z′x,κ ∈ Gx such that
dX(z
′
x,κ, gz
′
x,κ) ≤ min{6rx,κ + ρ(6rx,κ), 6rx,κ + 2ρ(3rx,κ)}
for any g ∈ G.
Assume that a complete metric space X has a doubling measure νX , that is, νX is a
(not only finite) Borel measure on X having the following properties: X = Supp νX and
there exists a constant C = C(X) > 0 such that
νX(BX(x, 2r)) ≤ CνX(BX(x, r))(3.2)
for any x ∈ X and r > 0. For example, by virtue of the Bishop-Gromov volume compari-
son theorem, the volume measure of an n-dimensional complete Riemannian manifold M
with nonnegative Ricci curvature is a doubling measure with C(M) = 2n.
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Lemma 3.19 (cf. [2, Lemma 2.1]). Let (X, νX) be a complete metric space with a doubling
measure νX . Then, for any 0 < r1 ≤ r2 and x, y ∈ X with x ∈ BX(y, r2), we have
νX(BX(x, r1))
νX(BX(y, r2))
≥ 1
C2
(r1
r2
)log2 C
= C
log2
r1
r2
−2
.
Corollary 3.20. The space (X, νX) is a large scale doubling space with CX(r1, r2) ≤
C2+log2{(r1+2r2)/r1}. In particular, we have CX(1, 5) ≤ C2+log2 11.
Proof. Given any x ∈ X and r1, r2 > 0 with r2 ≥ r1, we let {ξα}α∈A ⊆ BX(x, r2) be an
arbitrary r1-separated set. Note that closed balls BX(ξα, 2
−1r1 − ε) are mutually dijoint
for any ε > 0. We hence have
νX(BX(x, 2
−1r1 + r2)) ≥ νX
( ⋃
α∈A
BX(ξα, 2
−1r1 − ε)
)
=
∑
α∈A
νX(BX(ξα, 2
−1r1 − ε))
≥ νX(BX(ξα0, 2−1r1 − ε))#A,
where νX(BX(ξα0 , 2
−1r1 − ε)) = minα∈A νX(BX(ξα, 2−1r1 − ε)). Applying this to Lemma
3.19, we obtain
#A ≤ νX(BX(x, 2
−1r1 + r2))
νX(BX(ξα0, 2
−1r1 − ε)) ≤ C
2+log2{(r1+2r2)/(r1−2ε)}.
This completes the proof. 
Combining Corollary 3.17 with Corollary 3.20, we obtain the following corollary:
Corollary 3.21. Let ν be a finite Borel measure on (X, νX) with m := ν(X). Put
rκ := max
{
Sep(ν; κ, C−2−log2 11), Sep
(
ν;
m− κ
3
,
m− κ
3
)
, Sep
(
ν;
m− κ
3
, κ
)}
for κ > 0. Then, there exists a point xκ ∈ X such that ν(BX(xκ, 3rκ)) ≥ 1 − κ. In
particular, we have diam(ν,m− κ) ≤ 6rκ.
By using Corollary 3.21, we obtain the following propostion:
Proposition 3.22. Assume that a compact metric group G continuously acts on (X, νX).
Put
rx,κ :=max
{
ωx(+ Sep(G; κ, C
−2−log2 11)), ωx
(
+ Sep
(
G;
1− κ
3
,
1− κ
3
))
,
ωx
(
+ Sep
(
G;
1− κ
3
, κ
))}
for x ∈ X and κ > 0. Then, for any κ ∈ (0, 1/2), there exists a point zx,κ ∈ X such that
dX(zx,κ, gzx,κ) ≤ 3rx,κ + ρ(3rx,κ)
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for any g ∈ G. There also exists a point z′x,κ ∈ Gx such that
dX(z
′
x,κ, gz
′
x,κ) ≤ min{6rx,κ + ρ(6rx,κ), 6rx,κ + 2ρ(3rx,κ)}
for any g ∈ G.
Corollary 3.23. Assume that a compact metric group G continuously acts on an n-
dimensional complete Riemannian manifold M with nonnegative Ricci curvature. Put
rκ :=max
{
ωx(+ Sep(G; κ, 2
−(2+log2 11)n)), ωx
(
+ Sep
(
G;
1− κ
3
,
1− κ
3
))
,
ωx
(
+ Sep
(
G;
1− κ
3
, κ
))}
for x ∈ M and κ > 0. Then, for any x ∈ M and κ ∈ (0, 1/2), there exists a point
zx,κ ∈M such that
dM(zx,κ, gzx,κ) ≤ 3rx,κ + ρ(3rx,κ)
for any g ∈ G. There also exists a point z′x,κ ∈ Gx such that
dM(z
′
x,κ, gz
′
x,κ) ≤ min{6rx,κ + ρ(6rx,κ), 6rx,κ + 2ρ(3rx,κ)}
for any g ∈ G.
3.5. Case of metric graphs. In this subsection, we treat the case where X is a metric
graph. Let Γ = (V,E) be a (possibly infinite) undirected connected combinatorial graph,
that is, Γ is a 1-dimensional cell complex with the set V of vertices and the set E of edges.
We allow the graph Γ to have multiple edges and loops. For vertices v, w ∈ V which are
endpoints of an edge, we assign a positive number av,w such that aΓ := infv′ 6=w′ av′w′ > 0.
Every edge is identified with a bounded closed interval or a circle in R2 with lengh avw,
where v and w are endpoints of the edge. We then define the distance between two points
in Γ to be the infimum of the length of paths joining them. The graph Γ together with
such a distance function is called a metric graph.
Lemma 3.24. Let (C, dC) be a circle in R
2 with the Riemannian distance function dC
and ν a finite Borel measure on C with m := ν(C). Then, for any κ > 0, we have
diam(ν,m− κ) ≤ π√
2
Sep
(
ν;
κ
4
,
κ
4
)
Proof. Note that
dR2(x, y) ≤ dC(x, y) ≤ π
2
dR2(x, y)
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for any x, y ∈ C. Denoting by pri : R2 ∋ (x1, x2) 7→ xi ∈ R the projection, by using
Lemma 2.11, we therefore obtain
diam(ν,m− κ) = diam(ν|(C,dC), m− κ)
≤ π
2
diam(ν|(C,dR2 ), m− κ)
≤ π√
2
max
i=1,2
diam
(
(pri)∗(ν|(C,dR2 )), m−
κ
2
)
≤ π√
2
max
i=1,2
Sep
(
(pri)∗(ν|(C,dR2));
κ
4
,
κ
4
)
≤ π√
2
Sep
(
ν|(C,dR2 );
κ
4
,
κ
4
)
≤ π√
2
Sep
(
ν;
κ
4
,
κ
4
)
.
This completes the proof. 
For every edge e ∈ E and r > 0, we put e−r := {x ∈ e | dΓ(e, v) > r and dΓ(e, w) > r},
where v and w are endpoints of the edge e.
Theorem 3.25. Let ν be a finite Borel measure on a metric graph Γ with m := ν(Γ).
Assume that postive numbers a, κ, κ′ satisfy that κ′ < κ, a < aΓ, and
max
{
2 Sep
(
ν;
κ
3
,
κ
3
)
, 4 Sep
(
ν;
m− κ
3
, κ′
)}
< a
Then, we have
diam(ν,m− κ) ≤ max
{a
2
+ 2 Sep
(
ν;
κ
3
, κ
)
,
π√
2
Sep
(
ν;
κ− κ′
4
,
κ− κ′
4
)}
.(3.3)
Proof. We first consider the case of ν(
⋃
v∈V BX(v, a/4)) ≥ κ. Since Sep(ν; κ/3, κ/3) <
a/2, as in the proof of Claim 3.14, there exists a vertex v ∈ V such that ν(BX(v, a/4)) ≥
κ/3. We thus obtain ν(BX(v, a/4 + Sep(ν; κ/3, κ/3))) ≥ m− κ, which implies (3.3).
We consider the other case that ν(X \⋃v∈V BX(v, a/4)) > m−κ. By the same method
of Claim 3.14, either the following (1) or (2) holds:
(1) There exists an edge e ∈ E such that e is not a loop and ν(e−a/4) ≥ (m− κ)/3.
(2) There exists a loop ℓ ∈ E with ν(ℓ−a/4) ≥ (m− κ)/3.
If (1) holds, combining the same proof of Claim 3.13 with Sep(ν; κ/3, κ′) < a/4, we
then have ν(e) ≥ m− κ′. We therefore obtain
diam(ν,m− κ) ≤ diam(ν|e, m− κ)
= diam(ν|e, ν(e)− (ν(e)−m+ κ))
≤ Sep
(
ν|e; ν(e)−m+ κ
2
,
ν(e)−m+ κ
2
)
≤ Sep
(
ν;
κ− κ′
2
,
κ− κ′
2
)
.
CONCENTRATION OF MAPS AND GROUP ACTION 15
If (2) holds, by Claim 3.13 and Sep(ν; κ/3, κ′) < a/4, we then get ν(ℓ) ≥ m−κ′. Applying
Lemma 3.24, we therefore obtain
diam(ν,m− κ) ≤ diam(ν|ℓ, m− κ)
= diam(ν|ℓ, ν(ℓ)− (ν(ℓ)−m+ κ))
≤ π√
2
Sep
(
ν|ℓ; ν(ℓ)−m+ κ
4
,
ν(ℓ)−m+ κ
4
)
≤ π√
2
Sep
(
ν|ℓ; κ− κ
′
4
,
κ− κ′
4
)
≤ π√
2
Sep
(
ν;
κ− κ′
4
,
κ− κ′
4
)
.
This completes the proof of the theorem. 
Corollary 3.26. Let {Xn}∞n=1 be a Le´vy family and Γ a metric graph. Then, for any
κ > 0, we have
lim
n→∞
ObsDiamΓ(Xn;−κ) = 0.
By virtue of Theorem 3.25, we obtain the following:
Proposition 3.27. Assume that a compact metric group G continuously acts on a metric
graph Γ. We also assume that postive numbers a, κ, κ′ and a point x ∈ X satisfy that
κ′ < κ, a < aΓ, and
max
{
2ωx
(
+ Sep
(
G;
κ
3
,
κ
3
))
, 4ωx
(
+ Sep
(
G;
1− κ
3
, κ′
))}
< a.
Put
sx,κ,κ′ := max
{a
2
+ 2ωx
(
+ Sep
(
G;
κ
3
, κ
))
,
π√
2
ωx
(
+ Sep
(
G;
κ− κ′
4
,
κ− κ′
4
))}
.
Then, there exists a point zx,κ,κ′ ∈ Gx such that
dX(zx,κ,κ′, gzx,κ,κ′) ≤ sx,κ,κ′ + ρ(sx,κ,κ′)
for any g ∈ G.
3.6. Case of Hadamard manifolds. In this subsection, we consider the case where X
is a Hadamard manifold N , i.e., a complete simply connected Riemannian manifold with
nonpositive sectional curvature. The following theorem was obtained in [3, Theorem 1.3].
Theorem 3.28. Let {Xn}∞n=1 be a Le´vy family and N a Hadamard manifold. Then, for
any κ > 0, we have
lim
n→∞
ObsDiamN (Xn;−κ) = 0.
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3.6.1. Central radius. Let N be a Hadamard manifold. For a finite Borel measure on N
with compact support, we indicate the center of mass of the measure ν by c(ν). Given
any κ > 0, putting m := ν(N), we define the central radius CRad(ν,m − κ) of ν as the
infimum of ρ > 0 such that ν(BN (c(ν), ρ)) ≥ m− κ.
Proposition 3.29 (cf. [23, Proposition 5.4]). For a finite Borel measure ν on Rk with
the compact support, we have
c(ν) =
1
ν(Rk)
∫
Rk
xdν(x).
Proposition 3.30 (cf. [23, Proposition 5.10]). Let N be a Hadamard manifold and nu a
finite Borel measure on N with the compact support. Then, x = c(ν) if and only if∫
N
exp−1x (y)dν(y) = 0.
In particular, identifying the tangent space of N at the point c(ν) with the Euclidean space
of the same dimension of N , we have c((exp−1c(ν))∗(ν)) = 0.
Proposition 2.13 directly implies the following corollary:
Corollary 3.31. Assume that a compact metric group acts on a Hadamard manifold N
and put rx := limκ↑1/2 CRad(νG,x, 1− κ) for x ∈ X. Then, we have
dX(c(νG,x), gc(νG,x)) ≤ rx + ρ(+rx)
for any g ∈ G. Moreover, there exists a point zx ∈ Gx such that
dX(zx, gzx) ≤ min{2rx + ρ(+2rx), 2rx + 2ρ(+rx)}
for any g ∈ G.
3.6.2. Ho¨lder actions. In this subsubsection, we consider a Ho¨lder action of a compact
Lie group to a Hadamard manifold.
Let a compact Lie group G acts on a Hadamard manifold N . We shall consider the
case where ωx(η) ≤ C1ηα holds for some x ∈ N and C1, α > 0.
Combining Gromov’s observation in [8, Section 13] with one in [10, Section 31
2
.41], we
obtain the following theorem:
Theorem 3.32. Let M be a compact Riemannian manifold and N be a Hadamard man-
ifold. Assume that a continuous map f : M → N satisfies that
dN(f(x), f(y)) ≤ C1 dM(x, y)α
for some C1 > 0, α > 1, and all x, y ∈M . Then, the map f :M → N is a constant map.
Proof. Put E(f) := c(f∗(µM)). We shall prove that Supp f∗(µX) = {E(f)}, which implies
the theorem. Suppose that Supp f∗(µX) 6= {E(f)}. We identify the tangent space of N at
E(f) with the Euclidean space Rk, where k is the dimension of N . According to the hinge
theorem (see [22, Chapter IV, Remark 2.6]), the map exp−1
E(f) : N → Rk is 1-Lipschitz.
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Since the map exp−1
E(f) is isometric on rays issuing from E(f) and Supp f∗(µM) 6= {E(f)},
we have ∫
M
|(exp−1
E(f) ◦f)(x)|2dµM(x) =
∫
M
dN (f(x),E(f))
2dµM(x) > 0.
Denoting by ((exp−1
E(f) ◦f)(x))i the i-th component of (exp−1E(f) ◦f)(x), we hence see that
there exists i0 such that ∫
M
|((exp−1
E(f) ◦f)(x))i0|2dµM(x) > 0.
Putting ϕ := (exp−1
E(f) ◦f)i0 , we observe that
‖ gradx ϕ‖ = lim sup
y→x
|ϕ(y)− ϕ(x)|
dM(y, x)
≤ lim sup
y→x
C1 dM(y, x)
α
dM(y, x)
= 0
and the function ϕ has mean zero by Proposition 3.30. We therefore obtain
0 < λ1(M) = inf
∫
M
‖ gradx g‖2dµM(x)∫
M
g(x)2dµM(x)
≤
∫
M
‖ gradx ϕ‖2dµM(x)∫
M
ϕ(x)2dµM(x)
= 0,
where the infimum is taken over all nontrivial Lipschitz maps g :M → R with mean zero.
This is a contradiction. This completes the proof. 
Corollary 3.33. Assume that a compact Lie group G continuously acts on a Hadamard
manifold N . We also assume that there exists a point x ∈ X such that the condition
ωx(η) ≤ C1ηα holds for some α > 1. Then, the point x is a fixed point.
Assume that a compact metric group G contnuously acts on a Hadamard manifold N .
In view of Corollary 3.33, we shall consider the case of 0 < α ≤ 1.
We assume that a compact metric group G satisfies that
αG(r) ≤ C2e−C3rβ for some C2, C3, β > 0.(3.4)
See Examples 2.2 and 2.3 for examples.
Let a compact metric group continuously acts on a metric space X . For any r > 0 and
x ∈ X , we define ω−1x (r) as the infimum of dG(g, g′), where g and g′ run over all elements
in G such that dX(gx, g
′x) ≥ r.
Lemma 3.34. Assume that a compact metric group continuously acts on a metric space
X. Then, for any x ∈ X, we have
α(X,νG,x)(r) ≤ αG(ω−1x (r)).
Proof. Let A ⊆ X be any Borel subset such that νG,x(A) ≥ 1/2. From the difinition of
ω−1x (r), we get
{g ∈ G | gx ∈ A}+ω−1x (r) ⊆ {g ∈ G | gx ∈ A+r}.
Since µG({g ∈ G | gx ∈ A}) ≥ 1/2, we hence obtain
νG,x(X \ A+r) ≤ µG(G \ {g ∈ G | gx ∈ A}+ω−1x (r)) ≤ αG(ω−1x (r)).
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This completes the proof. 
Lemma 3.35. Let a compact metric group G continuously acts on a metric space X.
Assume that a point x ∈ X satisfies the following Ho¨lder condition:
ωx(η) ≤ C1ηα holds for some C1 > 0 and 0 < α ≤ 1.(3.5)
We also assume that the group G satisfies the condition (3.4). Then, we have
α(N,νG,x)(r) ≤ C2e−C
−β/α
1
C3rβ/α.
Proof. By the assumption (3.5), dX(gx, g
′x) > C1s
α implies that dG(g, g
′) > s, that is,
dX(gx, g
′x) ≥ r yields that dG(g, g′) ≥ (r/C1)1/α. We hence get ω−1x (r) ≥ (r/C1)1/α. By
using this and Lemma 3.34, we obtain
α(X,νG,x)(r) ≤ αG(ω−1x (r)) ≤ αG((r/C1)1/α) ≤ C2e−C
−β/α
1
C3rβ/α.
This completes the proof. 
We denote by γk the standard Gaussian measure on R
k with density (2π)−k/2e−|x|
2/2.
For any p ≥ 0, we put
Mp :=
∫
R
|s|pdγ1(s) = 2p/2π−1/2Γ
(p+ 1
2
)
.
The same proof of [12, Theorem 1] implies the following theorem:
Theorem 3.36 (cf. [12, Theorem 1]). Assume that an mm-space X satisfies that αX(r) ≤
C1e
−C2rp for some C1, C2 > 0 and some p ≥ 1. Then, for any 1-Lipschitz function
f : X → Rk with mean zero, we have∫
X
|f(x)|pdµX(x) ≤ C
C2Mp
∫
Rk
|y|pdγk(y) = C
C2Mp
· 2
p/2Γ(p+k
2
)
Γ(k
2
)
≈ Ck
p/2
C2
,
where C is a constant depending only on p and C1.
Theorem 3.37. Let a compact metric group G continuously acts on a k-dimensional
Hadamard manifold N . Assume that a point x ∈ N satisfies the Ho¨lder condition (3.5).
We also assume that the group G satisfies (3.4) and α ≤ β. Then, there exists a point
zx ∈ Gx such that
diam(Gzx) ≤ CC1k
1/2
(C3)α/β
+ ρ
(CC1k1/2
(C3)α/β
)
,(3.6)
where C is a constant depending only on α/β and C1.
Proof. To apply Corollary 3.31, we shall estimate CRad(νG,x, 1 − κ) for 0 < κ < 1/2
from the above. Putting z := c(νG,x), as in the proof of Theorem 3.32, we identify the
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tangent space of N at z with the Euclidean space Rk. Since the map exp−1z : N → Rk is
a 1-Lipschitz map, by virtue of Lemma 3.35 and Theorem 3.36, we have∫
N
dN(y, z)
β/αdνG,x(y) =
∫
N
|(exp−1z )(y)|β/αdνG,x(y) ≤
CC
β/α
1 k
β/(2α)
C3
,
where C is a constant depending only on C2 and β/α. Combining this inequality with
the Chebyshev inequality, we hence get
CRad(νG,x, 1− κ) ≤ CC1k
1/2
(C3κ)α/β
for any 0 < κ. Applying Corollary 3.31, we therefore obtain (3.6). This completes the
proof. 
3.6.3. Cases of finite groups. In this subsubsection, we shall consider the case where G is
a finite group. Let G be a finite group and S ⊆ G\{eG} be a symmetric set of generators
of G. We denote by Γ(G, S) the Cayley graph of G with respect to S. For such S, we
shall consider the group G as a metric group with respect to the Cayley graph distance
function.
Let Γ = (V,E) be a simple finite graph, where simple means that there is at most one
edge joining two vertices and no loops from a vertex to itself. The discrete Laplacian △Γ
act on functions f on V as follows
△Γf(x) :=
∑
y∼x
(f(x)− f(y)),
where x ∼ y means that x and y are connected by an edge. We denote by λ1(Γ) the
non-zero first eigenvalue of the Laplacian △Γ.
As Theorem 3.32, Gromov’s observation in [8, Section 13] together with one in [10,
Section 31
2
.41] imply the following lemma:
Lemma 3.38. Let S ⊆ G \ {eG} be a symmetric set of generators of a finite group G
and assume that the group G continuously acts on a k-dimensional Hadamard manifold
N . Then, for any x ∈ N and κ > 0, we have
CRad(νG,x, 1− κ) ≤ ωx(1)
( k#S
2κλ1(Γ(G, S))
)1/2
.
Proof. Suppose that
r := CRad(νG,x, 1− κ) > ωx(1)
( k#S
2κλ1(Γ(G, S))
)1/2
.(3.7)
As in the proof of Theorem 3.32, we identify the tangent space of N at z := c(νG,x) with
the Euclidean space Rk. By the Chebyshev inequality, we get∫
G
|(exp−1z ◦fx)(g)|2dµG(g) =
∫
G
dN (f
x(g), z)2dµG(g) ≥ κr2.
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Hence, there exists i0 such that∫
G
((exp−1z ◦fx)(g))2i0dµG(g) ≥
κr2
k
.(3.8)
Putting ϕ := (exp−1z ◦fx)i0, by (3.7) and (3.8), we obtain
λ1(Γ(G, S)) = inf
∑
g,g′∈G;g∼g′(f(g)− f(g′))2
2
∑
g∈G f(g)
2
≤
∑
g,g′∈G;g∼g′(ϕ(g)− ϕ(g′))2
2
∑
g∈G ϕ(g)
2
≤
∑
g,g′∈G;g∼g′ dN (f
x(g), fx(g′))2
2
∑
g∈G ϕ(g)
2
≤ #G#S · ωx(1)
2
#G
∫
G
ϕ(g)2dµG(g)
=
ωx(1)
2#S∫
G
ϕ(g)2dµG(g)
≤ ωx(1)
2k#S
κr2
< λ1(Γ(G, S)),
where the infimum is taken over all nontrivial functions f : G→ R such that∑g∈G f(g) =
0. This is a contradiction. This completes the proof. 
Applying Lemma 3.38 to Corollary 3.31, we obtain the following theorem:
Theorem 3.39. Let S ⊆ G \ {eG} be a symmetric set of generators of a finite group G
and assume that the group G continuously acts on a k-dimensional Hadamard manifold
N . Then, for any x ∈ N , we have
dN(c(νG,x), gc(νG,x)) ≤ ωx(1)
( k#S
λ1(Γ(G, S))
)1/2
+ ρ
(
+ ωx(1)
( k#S
λ1(Γ(G, S))
)1/2)
for any g ∈ G. There also exists a point zx ∈ Gx such that
dN(zx, gzx) ≤ min
{
ωx(1)
( k#S
λ1(Γ(G, S))
)1/2
+ ρ
(
+ 2ωx(1)
( k#S
λ1(Γ(G, S))
)1/2)
,
ωx(1)
( k#S
λ1(Γ(G, S))
)1/2
+ 2ρ
(
+ ωx(1)
( k#S
λ1(Γ(G, S))
)1/2)}
for any g ∈ G.
4. Le´vy group action
In this section, we discuss about a Le´vy group action to concrete metric spaces appeared
in Section 3.
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A metrizable group G is called a Le´vy group if it contains an increasing chain of compact
subgroups G1 ⊆ G2 ⊆ · · · ⊆ Gn ⊆ · · · having an everywhere dense union in G and such
that for some right-invariant compatible distance function dG on G the groups Gn, n ∈ N,
equipped with the Haar measures µGn normalized as µGn(Gn) = 1 and the restrictions of
the distance function dG, form a Le´vy family. See [7], [17], [18], [19] and references therein
for informations about a Le´vy group.
Let a topological group G acts on a metric space X . The action is called bounded if
for any ε > 0 there exists a neighbourhood U of the identity element eG ∈ G such that
dX(x, gx) < ε for any g ∈ U and x ∈ X . Note that every bounded action is continuous.
Lemma 4.1 (cf. [19, Theorem 1]). Assume that a metric group G with a right invariant
distance function dG boundedly acts on a metric space X. Then, orbit maps fx : G→ X
for all x ∈ X are uniformly equicontinuous.
We shall consider an action of a Le´vy group to a metric space X satisfying the following
condition:
(♦): We have limn→∞ObsDiamX(Xn;−κ) = 0 for any κ > 0 and any Le´vy family
{Xn}∞n=1.
Note that R-trees, doubling spaces, metric graphs, and Hadamard manifolds satify the
condition (♦) (see Section 3).
Conjecture 4.2. Any complete Riemannian manifolds satisfy the condition(♦).
Let a topological group G acts on a metric space X . We say that the topological group
G acts on X by uniform isomorphims if for each g ∈ G, the map X ∋ x 7→ gx ∈ X is
uniform continuous. The action is said to be uniformly equicontinuous if for any ε > 0
there exists δ > 0 such that dX(gx, gy) < ε for every g ∈ G and x, y ∈ X with dX(x, y) < δ.
Given a subset S ⊆ G and x ∈ X , we put Sx := {gx | g ∈ S}.
Proposition 4.3. Assume that a Le´vy group G boundedly acts on a metric space X
having the property (♦) by uniform isomorphisms. Then for any compact subset K ⊆ G
and any ε > 0, there exists a point xε,K ∈ X such that diam(Kxε,K) ≤ ε.
Proposition 4.4. There are no non-trivial bounded uniformly equicontinuous actions of
a Le´vy group on a metric space having the property (♦).
Proof of Propositions 4.3 and 4.4. From the definition of G, the group G contains an
increasing chain of compact subgroups G1 ⊆ G2 ⊆ · · · ⊆ Gn ⊆ · · · having an everywhere
dense union in G such that for some right-invariant compatible distance function dG on
G, the sequence {(X, dX , µGn)}∞n=1 forms a Le´vy family. Let x ∈ X be an arbitrary point.
We first prove Proposition 4.3. Since G boundedly acts on X and dG is right-invarinat,
by vritue of Lemma 4.1, for any ε > 0 there exists δ > 0 such that dX(gy, g
′y) < ε/2 for
any y ∈ X and g, g′ ∈ G with dG(g, g′) ≤ δ. Take a subset {g1, g2, · · · , gN} ⊆ G such
that each g ∈ K is within distance δ of the set {g1, g2, · · · , gN} and all gi are contained
in Gℓ for some large ℓ ∈ N. Since the orbit map fx : G → X is uniformly continuous,
by using Corollary 2.17, the sequence {(X, dX , νGn,x)}∞n=1 is a Le´vy family. From the
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property (♦) of the space X the identity maps idn : (X, dX , νGn,x) → X concentrate,
that is, limn→∞ diam(νGn,x, 1 − κ) = 0 for any κ > 0. Hence there exist εn > 0 and
xn ∈ Xn such that limn→∞ εn = 0 and limn→∞ νGn,x(BX(xn, εn)) = 1. Take n0 ∈ N such
that n0 ∈ N, νGn0 ,x(BX(xn0 , εn0)) > 1/2 and εn0 ≤ ρ({g1,g2,··· ,gN},X)(εn0) < ε/4. The same
method of the proof of (2.1), we obtain
dX(xn0 , gixn0) ≤ εn0 + ρ({g1,g2,··· ,gN},X)(εn0) < ε/2
for any gi. For any g ∈ K, choosing gi with dG(gi, g) < δ, we obtain
dX(xn0, gxn0) ≤ dX(xn0 , gixn0) + dX(gixn0 , gxn0) ≤
ε
2
+
ε
2
= ε
by the definition of δ > 0. This completes the proof of Proposition 4.3.
We next prove Proposition 4.4. Since limη→0 ρ
(G,X)(η) = 0, by using Corollary 2.15, we
get
diam(Gnx) ≤ 2 lim
κ↑1/2
diam(νGn,x, 1− κ) + 2ρ(G,X)
(
+ lim
κ↑1/2
diam(νGn,x, 1− κ)
)→ 0
as n → ∞. Since G1x ⊆ G2x ⊆ · · · ⊆ Gnx ⊆ Gn+1x ⊆ · · · , we therefore obtain
Gnx = {x} for any n ∈ N. This completes the proof of Proposition 4.4. 
Note that every continuous action of a topological group on a compact metric space
is bounded. Since a compact metric space has the property (♦) and a Le´vy group G
contains an increasing chain of compact subgroups Gn having an everywhere dense union,
Proposition 4.3 includes the fixed point theorem ([7, Theorem 7.1]) by Gromov and Mil-
man.
Acknowledgements. The author would like to express his thanks to Professor Takashi
Shioya for his valuable suggestions and assistances during the preparation of this paper.
References
[1] K. Funano, Central and Lp-concentration of 1-Lipschitz maps into R-trees, to appear in J. Math.
Soc. Japan.
[2] K. Funano, Observable concentration of mm-spaces into spaces with doubling measures, Geom. Ded-
icata 127, 49–56, 2007.
[3] K. Funano, Observable concentration of mm-spaces into nonpositively curved manifolds, preprint,
available online at “http://front.math.ucdavis.edu/0701.5535”, 2007.
[4] T. Giordano and V. Pestov, Some extremely amenable groups, C. R. Acad. Sci. Paris, Se´r. I 334,
No. 4, 273–278, 2002.
[5] T. Giordano and V. Pestov, Some extremely amenable groups related to operator algebras and ergodic
theory, J. Inst. Math. Jussieu 6, no. 2, 279–315, 2007.
[6] S. Glasner, On minimal actions of Polish groups, Top. Appl. 85, 119–125, 1998.
[7] M. Gromov, V. D. Milman, A topological application of the isoperimetric inequality, Amer. J. Math.
105, no. 4, 843–854, 1983.
[8] M. Gromov, CAT(κ)-spaces: construction and concentration, (Russian summary) Zap. Nauchn.
Sem. S.-Peterburg. Otdel. Mat. Inst. Steklov. (POMI) 280, Geom. i Topol. 7, 100–140, 299–300,
2001; translation in J. Math. Sci. (N. Y.) 119, no. 2, 178–200, 2004.
CONCENTRATION OF MAPS AND GROUP ACTION 23
[9] M. Gromov, Isoperimetry of waists and concentration of maps, Geom. Funct. Anal., 13, no. 1,
178–215, 2003.
[10] M. Gromov, Metric structures for Riemannian and non-Riemannian spaces, Based on the 1981
French original, With appendices by M. Katz, P. Pansu and S. Semmes. Translated from the French
by Sean Michael Bates. Progress in Mathematics, 152. Birkha¨user Boston, Inc., Boston, MA, 1999.
[11] M. Ledoux, The concentration of measure phenomenon, Mathematical Surveys and Monographs, 89.
American Mathematical Society, Providence, RI, 2001.
[12] M. Ledoux and K. Oleszkiewicz, On measure concentration of vector-valued maps. Bull. Pol. Acad.
Sci. Math.55, no. 3, 261–278, 2007.
[13] V. D. Milman, A certain property of functions defined on infinite-dimensional manifolds, (Russian)
Dokl. Akad. Nauk SSSR 200, 781–784, 1971.
[14] V. D. Milman, A new proof of A. Dvoretzky’s theorem on cross-sections of convex bodies, (Russian)
Funkcional. Anal. i Prilozˇen. 5, no. 4, 28–37, 1971.
[15] V. D. Milman, Asymptotic properties of functions of several variables that are defined on homogeneous
spaces, Soviet Math. Dokl. 12, 1277–1281, 1971; translated from Dokl. Akad. Nauk SSSR 199 , 1247–
1250, 1971(Russian).
[16] V. D. Milman, Diameter of a minimal invariant subset of equivariant subset of equivariant Lipschitz
actions on compact subsets of Rk, Grometric Aspects of Functional Analysis, Israel Seminar, 1985–
1986. Lecture Notes in Math. 1267, 13–20, Springer, 1987.
[17] V. D. Milman, The heritage of P. Le´vy in geometrical functional analysis, Colloque Paul Le´vy sur
les Processus Stochastiques (Palaiseau, 1987). Ast e´risque No. 157-158, 273–301, 1988.
[18] V. Pestov, Dynamics of infinite-dimensional groups. The Ramsey-Dvoretzky-Milman phenomenon,
Revised edition of Dynamics of infinite-dimensional groups and Ramsey-type phenomena [Inst. Mat.
Pura. Apl. (IMPA), Rio de Janeiro, 2005; MR2164572].University Lecture Series, 40. American
Mathematical Society, Providence, RI, 2006.
[19] V. Pestov, mm-Spaces and group actions, -L’Enseignement Mathe´matique 48, 209–236, 2002.
[20] V. Pestov, Ramsey-Milman phenomenon, Urysohn metric spaces, and extremely amenable groups. -
Israel Journal of Mathematics 127, 317–358, 2002. Corrigendum, ibid., 145, 375–379, 2005.
[21] V. Pestov, The isometry groups of the Urysohn metric space as a Le´vy group, Topology Appl. 154,
no. 10, 2173–2184, 2007.
[22] T. Sakai, Riemannian geometry, Translations of Mathematical Monographs, 149. American Mathe-
matical Society, Providence, RI, 1996.
[23] K-T. Sturm, Probability measures on metric spaces of nonpositive curvature, Heat kernels and anal-
ysis on manifolds, graphs, and metric spaces (Paris, 2002), 357–390, Contemp. Math., 338, Amer.
Math. Soc., Providence, RI, 2003.
Mathematical Institute, Tohoku University, Sendai 980-8578, JAPAN
E-mail address : sa4m23@math.tohoku.ac.jp
